Abstract
Introduction
The circular packing problem is concerned with how to pack some circular objects into a larger container with no overlap of any pair of them. Its objective is to increase the space utilization ratio of the container as much as possible. The circular packing problem is of important theoretical value and wide applications in scientific research and production practice, such as the layout of instruments and equipment inside the satellites, the composition of newspaper in the printing industry, the cargo loading inside the containers in the transportation, and so on. These problems are in nature to solve the circular packing problem. The excellent solution to the problem can not only save a lot of resources, but also reduce production costs.
According to the researches in recent years, the circular packing problem has been shown to be NP-hard, i.e., no procedure is able to gain the global optimal solution of the problem in polynomial time. So, some heuristic methods are generally proposed to solve it. For the circular packing problem in a rectangular container, the solving algorithms include the heuristic tabu search algorithm [1] , the heuristic algorithm based on bounded enumeration strategy for evaluating corner placement [2] , et al. For the problem of packing circles into a larger circular container, some authors have developed various heuristic algorithms to generate approximate solutions, including the quasi-physical quasi-human algorithm [3] [4] [5] , the complete quasi-physical algorithm [6] , the Pruned-Enriched Rosenbluth Method (PERM) [7] , the dynamic adaptive local search algorithm [8] , the simulated annealing (SA) [9] and its improved algorithms [10, 11] , the beam search algorithm [12] and the adaptive beam search algorithm [13] , the energy landscape paving (ELP) method [14, 15] , the global optimization algorithm based on the quasi-physical method [16] , and others.
In this paper, we mainly consider the problem of packing equal circles into a larger equilateral triangular container. By combining the quasi-physical approach with the simulated annealing algorithm, Huang and Kang [17, 18] presented a fast quasi-physical algorithm. In the paper, by incorporating some heuristic configuration update strategies, a local search strategy based on the gradient method and the dichotomous search strategy into the simulated annealing algorithm, a new heuristic algorithm is put forward for the problem of packing equal circles into a larger equilateral triangular container. The computational results show the effectiveness of the proposed algorithm.
The mathematic formulation of the problem
Given n circles C i (i=1, 2,…, n) with radius R=1.0 and a larger equilateral triangular container, the problem of packing equal circles into a larger equilateral triangular container is concerned with how to pack these circles into the container with no overlap of any pair of them. Its objective is to gain the minimal edge length L of the equilateral triangular container. If we can find an algorithm to solve the problem, we can correspondingly give a specific geometric layout. This problem is stated formally as follows.
Take x-axis of two-dimensional Cartesian coordinate system at the bottom edge of the equilateral triangular container and the origin of the coordinate system at the midpoint of this edge (see Figure 1. ). It is easy to know that the coordinates of the vertices A, B and C, of the equilateral triangular container are (0, 3 L/2), (-L/2,0) and (L/2,0), respectively. So the equations of lines AB, AC and BC are y= 3 (x+L/2), y=-3 (x-L/2) and y=0, respectively. The coordinates of the center of the ith (i=1, 2, …,n) circle C i is denoted by (x i , y i ), we ask if there is a set of real numbers (x 1 , y 1 , x 2 , y 2 ,…, x n , y n ) so as to make the edge length L of the equilateral triangular container as small as possible, and satisfy
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If such real numbers exist, then please give them. Here, constraints (1) and (2) denotes that there is no overlap between each given circle C i and the equilateral triangular container, i.e., each given circle C i should not extend outside the equilateral triangular container. Constraint (3) denotes that any pair-wise circles placed in the container, e.g., C i and C j , cannot overlap each other. Figure 1 (b)), we can obtain formula (2) similarly. Assume that the coordinates of the centers of the ith (i=1, 2, …,n) circle C i and jth (j=1, 2, …,n, j≠i) circle C j are (x i , y i ) and (x j , y j ), respectively. So, the distance D ij between them is 2 2 ( ) ( )
. If there is no overlap between C i and C j (see Figure 1(c) ), D ij should not be less than 2R, i.e.,
, which is constrain (3).
According to the quasi-physical approach [4, 17] , we imagine the all n circles and the equilateral triangular container as smooth elastic solids. If there is an extrusion in the process of each circle being placed in the equilateral triangular container, the corresponding circle will have a tendency to restore to its original shape and size. The all extruded circles will execute a series of movements under the drive of extruding forces until the whole system reaches a relatively balanced position. At that time, the results of these movements may be a solution to the problem.
We sign the bottom edge of the equilateral triangular container by (n+3) and the other two edges of the equilateral triangular container are clockwise signed by (n+1) and (n+2), respectively. The embedding depth between circle C i and edge (n+1) can be deduced as follows (see Figure 2. ).
1) If y i > 3 (x i +L/2), i.e., the center of the ith (i=1, 2, …,n) circle C i lies outside edge (n+1) of the equilateral triangular container and there is overlap between C i and the equilateral triangular container (see Figure 2 (a)), the embedding depth d i,n+1 between C i and edge (n+1) is the sum of R and d 1 
e., the center of the ith (i=1, 2, …,n) circle C i lies inside edge (n+1) of the equilateral triangular container and there is overlap between C i and the equilateral triangular container (see Figure 2 (b)), the embedding depth d i,n+1 between C i and edge (n+1) is the difference of R and d 2 
e., the center of the ith (i=1, 2, …,n) circle C i lies inside the edge (n+1) of the equilateral triangular container and there is no overlap between C i and the equilateral triangular container (see Figure 2 (c)), the embedding depth d i,n+1 between C i and edge (n+1) is zero, i.e., d i,n+1 =0.
According to the above analysis, it can be concluded that the embedding depth between the ith (i=1, 2, …,n) circle C i and edge (n+1) is Figure 2 . The schematic diagram of the embedding depth between circle C i and edge (n+1) Similarly, it can be deduced that the embedding depth between the ith (i=1, 2, …,n) circle C i and edge (n+2) (see Figure 3. 
A New Heuristic Algorithm for Packing Equal Circles into A Larger Equilateral Triangular Container Jingfa Liu, Guojian Zhang, Wenjie Liu, Zexu Gao, Ziling Zhou .
The embedding depth (see Figure 5 .) between any two circles, e.g., C i and
0 . According to the elasticity mechanism, when two smooth elastic solids are embedded into each other, the extrusive elastic potential energy between them is proportional to the square of the mutual embedding depth. Obviously, the extrusive elastic potential energy of the ith circle C i in the whole system is
Here k is an elastic coefficient, and let k=1 in this paper. Therefore, the extrusive elastic potential energy of the whole system is We call configuration the coordinates of the centers of the all n circles, denoted by X=(x 1 , y 1 , x 2 , y 2 ,…, x n , y n ). Obviously, E(X)≥0. For an equilateral triangular container with a given edge length, if there exist a configuration X  subject to E(X  )＞0, then X  is not a feasible solution to the problem, whereas if E(X  )=0, then X  is a feasible solution to the problem. Therefore, the problem of packing equal circles into a larger equilateral triangular container is converted into an unconstrained optimization problem "minimize E(X)". If there is an efficient algorithm to solve this unconstrained optimization problem, we can obtain the minimal edge length L of the equilateral triangular container by adopting some effective search strategies, e.g., dichotomous search strategy. Thus, in the following section, we will mainly discuss the unconstrained optimization problem "minimize E(X)" and propose a heuristic simulated annealing algorithm based on dichotomous search to solve it.
The proposed algorithm
For the unconstrained optimization problem "minimize E(X)", there is a well-known method, the gradient method (GM), to solve it. For the problem of packing less equal circles into a larger equilateral triangular container, the global minimum solution of E(X) can be quickly obtained by GM, whereas for the problem with larger scale, it is easy for GM to make the search trap into the local minima. In order to make the search better escape from the local minima, we adopt the idea of the simulated annealing [19, 20] .
Simulated annealing algorithm
The idea of annealing originated from the annealing process of the crystals in the physical world, and was first proposed by Metropolis in 1953. Based on the similarity between the crystal annealing process and the combinatorial optimization problems, Kirkpatrick et al. introduced it into the fields of the combinatorial optimization in 1983, and put forward a simulated annealing algorithm. The simulated annealing (SA) is a probabilistic global search algorithm. In the process of search of SA, the algorithm can accept not only optimal solutions but also worse solutions with a certain probability. The probability of accepting worse solutions is associated with the temperature. At higher initial temperature, the probability of accepting worse solutions is larger. As the temperature declines, the probability decreases too. At the end of the annealing process the temperature tends to zero, the probability of accepting worse solutions is approximately zero.
The details of the algorithm SA for packing equal circles into a larger equilateral triangular container are described as follows.
Algorithm1. Simulated annealing (SA) algorithm
Begin 1 Randomly give n points (x 1 , y 1 ),…, (x n , y n ) in the equilateral triangular container with the given edge length L, and gain an initial configuration X 1 =(x 1 , y 1 , x 2 , y 2 ,…, x n , y n ). Set the initial temperature t:=100, the temperature reduction coefficient :=0. During the iterative process of SA, we need generate a new configuration X 2 based on the current configuration X 1 , i.e., X 2 Generate(X 1 ). In order to update the current configuration, we propose the following heuristic configuration update strategies.
Heuristic configuration update strategies
Strategy 1: Pick out circle C i with the maximum extrusive elastic potential energy E i in the current configuration X 1 .
Obviously, the larger the extrusive elastic potential energy E i of the ith circle C i exerted by the others is, the more "painful" it is. At this time, the ith circle C i needs to be picked out and replaced. However, if the ith circle C i is just randomly put into the equilateral triangular container, it may destroy heavily the configuration X 1 and make against inheriting the good part of X 1 . Therefore, the improved strategy is proposed as follow.
Strategy 2: Produce a point within the vacant region of the equilateral triangular container and put the center of the picked circle C i at this point.
Randomly produce one hundred points within the vacant region of the equilateral triangular container and pseudo-pack the center of the picked circle C i at each point. Here, "pseudo-pack" means that the picked circle C i is just packed temporarily. Once the extrusive elastic potential energy E i of the picked circle C i at a point is calculated, the picked circle C i will be removed from the equilateral triangular container. Finally, put the center of the picked circle C i at the point with the minimal extrusive elastic potential energy E i , while keeping the positions of other circles unchanged so as to jump out of the current local optimum and generate a new configuration X.
Local search strategy
During the process of executing the heuristic configuration update strategies, when the position of any one circle is altered, the extrusive elastic potential energy of the whole system may also be changed. Especially, when the new configuration X generated by executing the heuristic configuration update strategies is close to the global optimal configuration, any move in SA may make the search far away from the global optimal configuration. In order to solve this problem and further search for lower-energy minima near newly generated configurations X, the gradient method (GM) with an adaptive step length [21] is executed.
Heuristic simulated annealing algorithm
By incorporating the heuristic configuration update strategies, the local search strategy based on the gradient method into SA, a heuristic simulated annealing (HSA) algorithm is proposed.
Algorithm2. Heuristic simulated annealing algorithm (HSA(L)) Begin 1 Randomly give n points (x 1 , y 1 ),…, (x n , y n ) in the equilateral triangular container with the given edge length L, and gain an initial configuration X 1 =(x 1 , y 1 , x 2 , y 2 ,…, x n , y n ). Let t:=100, :=0.9, t e :=0.01, S:=10, :=10 -7 . 2 while t >= t e do /*the termination criterion is not satisfied */ 3 k0. 4 while k < S do /*the sample stability criterions are not satisfied */ 5
Copy the current configuration X 1 . 6
Pick out the circle C i with the maximum extrusive elastic potential energy E i in X 1 . 7
Produce a point within the vacant region of the equilateral triangular container and put the center of the picked circle C i at this point (see strategy 2 in section 3.2).
Keep the positions of the other circles unchanged and gain a new configuration X. 8 X 2 GM(X ). /*call the gradient method (GM) with an adaptive step length */ 9 if E(X 2 ) <  then save X 2 and exit successfully. 10 
Heuristic simulated annealing algorithm based on dichotomous search
In HSA, the edge length L of the equilateral triangular container is given in advance. To gain the optimal edge length L min of the equilateral triangular container, we execute dichotomous search for L. By incorporating the dichotomous search strategy into HSA, we put forward a heuristic simulated annealing algorithm based on dichotomous search (HSADS).
Algorithm3. Heuristic simulated annealing algorithm based on dichotomous search (HSADS) Begin 1 Set the upper bound and the lower bound of the edge length of the equilateral triangular
12 Output L min and the corresponding configuration. End.
Computational results and performance analysis
In order to evaluate the performance of HSADS, we implement it in Java language on a PC with Core2, 2.66GHz and 2GB of RAM. The six instances in the literature [17] are tested. For each instance, HSADS is run five times independently. The obtained minimal edge length L min (mm) of the equilateral triangular container and the average running time t (s) by HSADS over five independent runs are listed in Table 1 , in comparison with those obtained by the fast quasi-physical algorithm (FQPA) [17] . In Table 1 , column 2 indicates n, the size of the instance. Columns 4 and 6 report the minimal edge length L min of the equilateral triangular container obtained by FQPA [17] and HSADS, respectively, over five independent runs, and columns 5 and 7 report the running time (in second) obtained by FQPA and HSADS, respectively, under respective minimal edge length. Column 8 indicates the improvement of the minimal edge length by HSADS over FQPA for each instance. Figure 6 . Geometric configurations of the improved solutions obtained by HSADS for the six test instances in Table 1 One can see that the minimal edge length of the equilateral triangular container obtained by HSADS (within the Table 1 , the improvements are reported in bold) is better than that by FQPA for each instance. In fact, compared with the results by FQPA, for n=11, the minimal edge length of the equilateral triangular container by HSADS reduces by 0.0024092835/10.732100%=0.024%; for n=12, the minimal edge length by HSADS reduces by 0.0002246740/10.928100%=0.002%; for n=13, the minimal edge length by HSADS reduces by 0.0029604614/11.409100%=0.026%; for n=23, the minimal edge length by HSADS reduces by 0.0177582119/14.900100%=0.119%; for n=24, the minimal edge length by HSADS reduces by 0.0001766930/14.928100%=0.001%; for n=66, the minimal edge length by HSADS reduces by 0.0002095211/23.464100%=0.001%. It is noteworthy that both the literature [17] and this paper use the same target energy function, but the extrusive elastic potential energy of the resulting configuration X obtained by HSADS for each instance satisfies E(X)<10 -7 , whereas FQPA's only satisfies E(X)<10 -6 , i.e., the solutions obtained by HSADS are more precise than those by FQPA.
We do not compare the speed of HSADS with FQPA's in detail on account of the differences in the performance of the running computers and the programming languages. But Table 1 shows that the speed of HSADS is rather fast, i.e., HSADS can obtain all the results within a very short time. In one word, the overall efficiency of HSADS is much better than that of FQPA [17] . Figure 6 illustrates the geometric layouts of the improved solutions obtained by HSADS for the six test instances in Table 1 .
Conclusions and future work
For the problem of packing equal circles into a larger equilateral triangular container, we first convert it into an unconstrained optimization problem using the quasi-physical approach. By combining the simulated annealing algorithm, the heuristic configuration update strategies and the local search strategy based the gradient method, a heuristic simulated annealing (HSA) algorithm is proposed for solving this problem. In order to gain the minimal edge length of the equilateral triangular container, by incorporating the dichotomous search strategy into HSA, we develop a new heuristic simulated annealing algorithm based on dichotomous search (HSADS).
In HSADS, the simulated annealing algorithm is used for global search, the heuristic configuration update strategies are used to generate new configurations, the gradient method is used to search for lower-energy minima near newly generated configurations, and the dichotomous search strategy is used to gain the minimal edge length of the equilateral triangular container. The experimental results show that HSADS is an effective algorithm for packing equal circles into a larger equilateral triangular contain.
Our study suggests that a proper combination of the normal stochastic global optimization method, local search method and some heuristic strategies could be an efficiency mechanism to construct a high-performance algorithm in a certain problem. In future work, we hope to further develop the ideas in this paper and find much higher efficient algorithms for the complex layout problems of packing circles and rectangles into a larger circular or rectangular container.
